Grasp quality measures by Suárez Feijóo, Raúl et al.
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Grasp quality measures 
  
 
Raúl Suárez, Máximo Roa, Jordi Cornella 
 
Robòtica Industrial i de Sistemes  
 
IOC-DT-P-2006-10 
Març 2006 
 
Grasp Quality Measures
Rau´l Sua´rez∗, Ma´ximo Roa†, Jordi Cornella`∗
March 2006
Summary
The correct grasp of objects is a key aspect for the right fulfillment of a given task.
In robotics, the development of grippers more and more complex and versatile, such as
mechanical hands, augments the necessity for algorithms to automatically determine
grasps, and in a parallel way, arises the need to quantify the quality of the generated
grasps in order to optimize them. This work reviews the quality measures proposed in
the grasp literature to quantify the grasp quality. We classify the quality measures into
two groups according to the main aspect evaluated by the measure: the location of the
contact points on the object or the hand configuration. We also review the approaches
that combine different quality measures from the two previous groups to obtain a global
quality measure.
KEYWORDS: Grasp, mechanical hands, grasp quality measures.
1 Introduction
Manipulation with complex grippers, such as mechanical hands, is an active research area
in robotics. Different types of mechanical hands have been designed and built in the last
two decades, and they have been classified based on the degree of anthropomorphism and
dexterity level [1]. Grupen et al [2] review the technology required to build mechanical
hands, and Bicchi [3] summarizes the evolution and state of the art in the field of robot
hands. Apart from an efficient mechanical design, hands must have suitable tactile systems;
Tegin and Wikander [4] make a survey on sensing systems, and Okamura et al. [5] highlight
current accomplishments and challenges in hardware development for robotic manipulation.
Grasp and manipulation are the key functions of robot hands. The goal of a grasp is
to achieve a desired object constraint in front of external disturbances or the object weight
itself; in this line, robot grasp synthesis and fixture design for industrial parts are very related
problems [6, 7]. Dexterous manipulation involves changing the object’s position with respect
to the hand without any external support. Table 1 summarizes previous surveys related to
grasp and manipulation with robotic hands.
Two approaches have been used in grasp planning [8]: a physiological approach, trying
to mimic the behavior of the human hand, and a mechanical approach, considering physi-
cal and mechanical properties involved in grasping. Cutkosky [14] has a remarkable work
using the human hand as model for robot hands; he presents a taxonomy of the grasps
used in manufacturing operations, classifying and choosing grasps according to the object
attributes and task requirements. Grasp synthesis taking into account the grasp physical
and mechanical properties requires the identification of such properties and the creation of
suitable parameters to quantify them. The following are the main properties that have been
identified hitherto in grasp bibliography [12]:
• Disturbance resistance: a grasp can stand disturbances in any direction if it fulfills
one of the following conditions: form-closure (or complete kinematical restraint) when
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Table 1. Previous surveys related to grasp and manipulation with robotic hands.
Researchers Year Subject
Mishra and Silver [8] 1989 Grasp planning
Grupen et al. [2] 1989 Technology required to build mechanical hands
Murray et al. [9] 1994 Mathematical foundations of robotic manipulation
Bicchi [10] 1995 Form and force closure analysis
Mishra [11] 1995 Mathematical analysis of quality measures
Shimoga [12] 1996 Grasp synthesis algorithms and dexterity measures
Bicchi [3] 2000 State of the art in robot hands
Bicchi and Kumar [13] 2000 Robotic grasping
Okamura et al. [5] 2000 Actuation levels in dexterous manipulation
Lotti and Vassura [1] 2002 Classification and evaluation of robot hands
Tegin and Wikander [4] 2005 Tactile sensing in robotic manipulation
the positions of the fingers ensure object immobility, or force-closure when the forces
applied by the fingers ensure the object immobility, i.e. the fingers can apply appropri-
ate forces on the object to produce wrenches in any direction, so they can compensate
any external wrench applied on the object (up to a certain magnitude). Bicchi [10]
describes in detail these conditions, and Rimon and Burdick [15] address the relation
of the contact surfaces curvature with form and force closure grasps.
• Dexterity: a grasp is dexterous if the kinematical relations between the hand and
the object allow the hand to move the object in a compatible way with the task to
be performed. In a general case, without task specifications, a grasp is considered
dexterous if the manipulator device is able to move the object in any direction.
• Equilibrium: a grasp is in equilibrium when the resultant of forces and torques applied
on the object (both by the fingers and by external disturbances) is null. An associated
problem is the optimization of the finger forces on the object (making them as low as
possible) in order to avoid damages on the object, provided that the object is properly
restrained. The optimization is generally done minimizing an objective function, with
constraints coming from the grasp problem formalism [16, 17, 18, 19].
• Stability: a grasp is stable if any object position or finger force error caused by a
disturbance disappears in time after the disturbance vanishes. Thus, the grasp should
generate restitution forces when it is moved away from the equilibrium [20, 21, 22].
Although these properties have been mainly established in the context of grasping, they
are also valid in dexterous manipulation, where three levels of actuation were identified [5]:
a high level based on discrete events (task planning including grasp choice), a medium level
dealing with transitions between manipulation phases and event detections, and a low level
regarding dynamics and continuous control of each phase in the manipulation.
Our work is focused on disturbance resistance and dexterity, and describes the quality
measures related with these properties. These two properties are the most frequently con-
sidered in the grasp synthesis, i.e. in the determination of the finger contact points on the
object and the determination of an appropriate hand configuration. Disturbance resistance
and dexterity are considered at the highest level of dexterous manipulation [5]. In general,
there is more than one grasp fulfilling these two properties, and an optimal one is chosen us-
ing a quality measure, i.e. a suitable parameter associated to those properties. We consider
two groups of quality measures:
• Measures associated with the position of contact points.
• Measures associated with the hand configuration.
Some previous works include reviews of quality measures, either directly or as part of a
more general survey on grasping aspects and problems, for instance, Mishra [11] presents the
mathematical background required to study grasp quality measures considering disturbance
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Fig. 1. Forces allowed in each type of contact: a) Point contact without friction; b) Point
contact with friction; c) Soft contact.
resistance, Shimoga [12] reviews grasp synthesis algorithms, including quality measures as-
sociated with the hand configuration, and Bicchi and Kumar [13] describe the state of the
art in robotic grasping, including a discussion about the relevance of grasp quality measures.
Our work compiles the quality measures presented hitherto, and classifies them into the two
groups previously stated.
After this introduction the report is structured as follows. Section 2 resumes the basic
background necessary to formalize the grasp quality measures. Section 3 presents the quality
measures associated with the position of the contact points, and Section 4 presents those
associated with the hand configuration. Section 5 reviews the approaches that combine
different quality measures from the two previous groups to obtain a global quality measure.
Finally, Section 6 presents the conclusions of this work.
2 Basic background
This Section presents the basic background used in the rest of the paper, describing the
main variables involved in grasping and manipulation and the relations between them.
2.1 Force and velocity modelling
Consider a coordinate system located at the object center of mass (CM) to describe the
positions p of the contact points and the forces applied on the grasped object. A force f i
applied on the object at the point pi generates a torque τ i = pi × f i with respect to CM.
The force and the torque are grouped together in a wrench vector ωi = (f i, λτ i)
T (also
known as generalized force vector), with λ being a constant that defines the metric of the
wrench space. In order to make the space isotropous in terms of energy, λ is selected equal
to the radius of gyration of the object, nevertheless, in some cases the quality measure is
independent of λ and it is not explicitly considered or considered as λ = 1. ω ∈ ℜd and the
dimension of the wrench space is d = 3 for the bidimensional physical space (planar problem
with 2D objects) and d = 6 for 3D objects in the tridimensional physical space.
The movement of the object is described through the translational velocity of CM, VCM,
and the rotational velocity of the object with respect to CM, ψ; the two velocities are
represented as a twist (also known as generalized velocity) x˙ = (VCM,ψ)
T , with x˙ ∈ ℜd.
A fingertip force f i is produced by the torques T ij , j = 1, ...,m, applied at each of the
m joints of finger i. In a hand with n fingers, a vector T =
[
T T1j . . .T
T
nj
]T
∈ ℜnm is defined
to group all the torques applied at the hand joints. Also, the velocities in the finger joints,
θ˙ij , are grouped in a single vector θ˙ =
[
θ˙
T
1j . . . θ˙
T
nj
]T
∈ ℜnm.
2.2 Contact modelling
The forces applied by the fingertips at the contact points can act only against the object
(positivity constraint), and the type of contact between the fingertips and the object can be
(Figure 1):
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• Point contact without friction: the contact occurs in a frictionless point, therefore the
exerted force on the object is normal to the contact surface.
• Point contact with friction (rigid contact): the contact occurs in a frictional point,
therefore the exerted force has a component normal to the contact surface and may
have another one tangential to the contact surface. Several models have been proposed
to represent friction [23]. The most common one is the Coulomb´s friction model
stating that slippage is avoided when f t ≤ µfn, where fn is the normal force, f t is
the tangential force, and µ is the friction coefficient. In the tridimensional physical
space this friction model is non-linear, and sometimes it is not easy to manage it. Two
approaches have been proposed to deal with this problem:
a) Linearization of the friction cone with a conservative approach that approximates
it with a convex cone of s faces (the largest s the better the approximation, but also
the largest the computational cost of any operation involving it).
b) Definition of a particular matrix M , whose elements are functions of the contact
force components, such that the positiveness of its eigenvalues implies that the contact
force satisfies the positivity and the friction constraints [24, 25] (the use of these
matrices allows a generic formalism to check whether a given force lies or not inside
the friction cone).
• Soft contact: the contact occurs in a region, and there is friction between the parts.
This type of contact allows the application of the same forces as the rigid contact
plus a torque around the direction normal to the contact zone, therefore the model
is valid only for 3D objects. In this case, Coulomb´s friction model assumes that
friction limits due to torsion and shear forces are independent; nevertheless, it has been
experimentally shown that those effects are coupled [23], and the coupling has been
modelled with a linear or an elliptical relation between torsional and shear frictional
forces [17, 26].
The number r of non-null independent components of the possible applied wrenches at
each contact point depend on the type of contact: r = 1 for the point contact without
friction (i.e. all the possible applied forces have the same direction); for the rigid contact
r = 2 in the bidimensional physical space and r = 3 in the tridimensional physical space
(i.e. the dimension of the friction cone), and r = 4 for the soft contact (i.e. the dimension
of the friction cone plus the torque around the friction cone axis).
Forces and velocities for each fingertip can also be expressed in a reference system defined
at each contact point. The vector f =
[
fT1k . . .f
T
nk
]T
∈ ℜnr (k = 1, ..., r) groups all
the applied force components at all the contact points; in a similar way, the vector v =[
vT1k . . .v
T
nk
]T
∈ ℜnr contains all of the velocity components of the fingertips.
2.3 Relations between forces and velocities
Forces and velocities associated with the object, the hand and the contact points satisfy
certain relations (for instance, the net wrench on the object is related to the forces produced
on the fingertips transferred through the contact points, which in turn depend on the torques
applied on the finger joints). These relations, illustrated in Figure 2, are the followings.
Fingertips forces f and velocities v are related to torques and velocities of the finger
joints through the hand Jacobian, Jh = diag [J1, . . . , Ji] ∈ ℜ
nr×nm, where Ji ∈ ℜ
r×m,
i = 1, . . . , n, is the Jacobian of finger i that relates its joint variables with its fingertip
variables. Relations are given by:
T = JTh f (1)
v = Jhθ˙ (2)
The relation between fingertip forces and the net wrench applied on the object ω, and
the relation between velocities at the contact points and the twist x˙ are established through
the grasp matrix G ∈ ℜd×nr (sometimes referred as grasp Jacobian or grasp map):
ω = Gf (3)
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Fig. 2. Relationships between the grasp force and velocity domains.
v = GT x˙ (4)
Finally, the relationship between the hand space and the object space is given by the hand-
object Jacobian H ∈ ℜd×nm, which is obtained as
H = (G+)TJh (5)
with G+ being the generalized inverse of G (note that usually G is not a square matrix).
Thus,
T = HTω (6)
x˙ = Hθ˙ (7)
More about these relations is given by Murray et al. [9].
2.4 Duality between force and velocity
A mechanical hand can be considered as a mechanical transformer with joint forces or
velocities as inputs and generalized force or velocity as outputs [27]; the transformation is
given by (6) and (7).
Consider a sphere of unitary radius in the velocity domain of the hand joints, given by∥∥∥θ˙∥∥∥2 = θ˙21 + θ˙22 + · · ·+ θ˙2nm ≤ 1 (8)
Equation (7) maps this sphere into an ellipsoid in the generalized velocity domain of the
object, known as the velocity ellipsoid:
x˙T
(
HHT
)−1
x˙ ≤ 1 (9)
This ellipsoid represents the gain in each direction of the generalized velocity domain of the
object when a unitary velocity is applied in the velocity domain of the hand joints.
Now consider an unitary sphere in the torque domain of the hand joints
‖T‖
2
= T 21 + T
2
2 + · · ·+ T
2
nm ≤ 1 (10)
Equation (6) maps such sphere into an ellipsoid in the generalized force domain, known as
the force ellipsoid:
ωT
(
HHT
)
ω ≤ 1 (11)
This ellipsoid represents the gain in each direction of the generalized force domain of the
object when a unitary velocity is applied in the torque domain of the hand joints.
The matrices
(
HHT
)−1
and HHT , defining respectively the velocity and force ellipsoids,
are the inverse of each other, so they have the same eigenvalues and eigenvectors and also the
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same volume (the two ellipsoids receive the generic denomination of manipulability ellipsoid
[28]). This implies that the principal axes for the two ellipsoids are coincident, but their
lengths are in inverse proportion, i.e. the direction with the maximum transmission ratio
for velocities has the minimum transmission ratio for force, and vice versa. This leads to
the following reasonings [27]:
• The optimal direction (largest gain) to apply a force on the object is the direction of
the major axis of the force ellipsoid, because the transmission ratio is maximum. The
same reasoning is valid for velocities using the major axis of the velocity ellipsoid.
• The most accurate control of force or velocity is along the direction of the minor
axis of the force or velocity ellipsoids respectively, because the transmission ratio is a
minimum.
3 Quality measures associated with the position of the
contact points
This first group of quality measures includes those that only take into account the object
properties (shape, size, weight), friction constraints and form and force closure conditions
to quantify the grasp quality. These measures are classified into three subgroups: one con-
sidering only algebraic properties of the grasp matrix G, another one considering geometric
relations in the grasp (thus assuming in both cases that all of the fingers can apply forces
without a magnitude limit), and a third subgroup of measures that considers limits in mag-
nitudes of the finger forces.
3.1 Measures based on algebraic properties of the grasp matrix G
This subgroup of measures includes those that only take into account the grasp matrix G to
quantify the grasp quality. The definition of these measures does not consider any constraint
on the forces at the contact points.
3.1.1 Minimum singular value of G
A full-rank grasp matrix G ∈ ℜd×nr has d singular values given by the positive square roots
of the eigenvalues of GGT . When a grasp is in a singular configuration (i.e. when at least one
degree of freedom is lost due to hand configuration), at least one of the singular values goes
to zero. The smallest singular value of the grasp matrix G, σmin(G), is a quality measure
that indicates how far is the grasp configuration from falling into a singular configuration
[29], this is
Q = σmin(G) (12)
The largest σmin(G), the better the grasp. At the same time the largest the σmin(G) the
largest the minimum transmission gain from the forces f at the contact points to the net
wrench ω on the object, which is also used as grasp optimization criterion [30].
A drawback of this quality measure is that it is not invariant under a change in the
reference system used to compute torques.
3.1.2 Volume of the ellipsoid in the wrench space
The effect of the grasp matrix G in the transformation relations given by equations (3)
and (4) is visualized through ellipsoids, similar to those presented in Subsection 2.4. The
equation (3) maps a sphere of unitary radius in the force domain of the contact points into
an ellipsoid in the wrench space. The global contribution of all the contact forces can be
considered using as quality measure the volume of this ellipsoid, this is [31]
Q = k
√
det(GGT ) = k (σ1σ2 · · ·σd) (13)
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Fig. 3. Elements used in the measures based on geometrical relations: a) Internal angles
and area of the grasp polygon; b) Distance between the centroid C of the grasp polygon and
the center of mass CM of the object.
with k being a constant and σ1, σ2,. . ., σd denoting the singular values of the grasp matrix
G. This quality measure considers all the singular values with the same weight and must be
maximized to obtain the best grasp.
This measure is invariant under a change in the torque reference system.
3.1.3 Grasp isotropy index
This criterion looks for an uniform contribution of the contact forces to the total wrench
exerted on the object, i.e. tries to obtain an isotropic grasp where the magnitudes of the
internal forces are similar. The quality measure, called grasp isotropy index [30], is defined
as:
Q =
σmin(G)
σmax(G)
(14)
with σmax(G) and σmin(G) being the maximum and minimum singular value of G. This
index approaches to 1 when the grasp is isotropic (optimal case), and falls to zero when the
grasp is close to a singular configuration.
3.2 Measures based on geometric relations
This subgroup of measures considers those that quantify the grasp quality through the
evaluation of certain geometric relations of the contact points.
3.2.1 Shape of the grasp polygon
In planar grasps, either of 2D or 3D objects, it is desirable that the contact points are
distributed in an uniform way on the object surface, this improves the grasp stability [30, 32].
An index to quantify the uniform distribution of the fingers on the object compares how
far are the internal angles of the grasp polygon (whose vertices are the contact points on
the object –see an example in Figure 3a–) from those of the corresponding regular polygon
. The quality of the grasp under this criterion, called the stability grasp index [30], is given
by
Q =
1
θmax
n∑
i=1
∣∣θi − θ¯∣∣ (15)
where n is the number of fingers, θi the internal angle at vertex i of the contact polygon,
θ¯ is the average internal angle of the corresponding regular polygon (given in degrees by
θ¯ = 180(n− 2)/n), and θmax = (n− 2)(180− θ¯) + 2θ¯ is the sum of the internal angles when
the polygon has the most ill conditioned shape (i.e. degenerates into a line and the internal
angles are either 0 or pi). The stability index is minimum when the contact polygon is
regular; for instance, in a three finger grasp the grasp is optimum when the contact polygon
is an equilateral triangle [32, 33].
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3.2.2 Area of the grasp polygon
In three-finger grasps, a larger triangle formed by the contact points on the object p1, p2
and p3 (Figure 3a) gives a more robust grasp, i.e. with the same finger force, the grasp can
resist larger external torques [33, 34]. Thus the area of the grasp triangle is also used as
quality measure (either of 2D or 3D objects), i.e.
Q = Area(Triangle(p1,p2,p3)) (16)
Although there are no related works, this idea could be extended to grasps of 2D and 3D
objects involving more than three fingers maximizing the area or the volume of the convex
hull of the contact points.
3.2.3 Distance between the centroid of the contact polygon and the center of
mass of the object
The effect of inertial and gravitational forces on the grasp is minimized when the distance
between the center of mass of the object, CM, and the centroid C of the contact polygon (for
2D objects) or polyhedron (for 3D objects) is minimized (Figure 3b). Then, this distance
is also used as a grasp quality measure, both for 2D objects [35] as well as for 3D objects
[36, 37, 38],i.e.
Q = ‖CM− C‖ (17)
3.2.4 Margin of uncertainty in the finger positions
For 2D objects, the space defined by the n parameters representing the possible contact
points of n fingers on the object boundary is called the contact space (or grasp space),
and the subset of the contact space where force-closure grasps are obtained is called the
force-closure space, FCS [39]. There are different proposals for the computation of the
force-closure space considering polygonal objects and any number of fingers, with or without
friction [39, 40, 41], where it is stated that the FCS is the union of a set of convex polyhedra
CPi.
Considering the existence of uncertainty in the actual positioning of the fingers, the
more far away from the boundary of the FCS the more secure will be the grasp. With this
criterion, given a grasp represented by a point P in the contact space, it was proposed as
grasp quality measure the radius of the largest hypersphere centered at P and fully contained
in one of the convex polyhedra CPi that form the FCS. The quality index is given by
Q = min
Pj∈∂CPi
‖P − Pj‖ (18)
with ∂CPi being the boundary of the convex polyhedron i in the FCS. An example for
three fingers, and therefore tridimensional contact space and force-closure space, is shown
in Figure 4.
This measure has not been applied to 3D objects due to the complexity of the resulting
grasp space (note that two parameters are needed to fix the position of each finger on the
object surface).
3.2.5 Independent contact regions
Another approach dealing with uncertainty in the positioning of the fingers on the object
is based on the computation of regions on the object boundary such that if each finger is
positioned inside one of these regions a force closure grasp is obtained, with independence
of the exact contact points within the regions. These regions are called independent contact
regions [42], and they define a parallelepiped aligned with the reference axis in the grasp
space and fully contained in the force-closure space. The larger the size of the regions
(i.e the edges of the parallelepiped) the larger the set of acceptable correct positions that
produce a force closure grasp (helping, for instance, in finding reachable contact points for a
given mechanical hand). With this criterion, when independent contact regions are used the
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Fig. 4. Maximization of the margin of uncertainty: a) Maximum hypersphere in the FCS;
b) Optimum grasp P .
a) b)
Fig. 5. Examples of independent contact regions: a) Polygonal objects and three fingers;
b) Non-polygonal discrete objects and four fingers.
quality of a grasp can be associated with the size Lmin of the smallest independent region
(i.e the length of the shortest edge of the parallelepiped) [36], i.e.
Q = Lmin (19)
This criterion was also developed for grasps of non-polygonal 2D objects with two fingers
[43], in this case the grasp space is bidimensional, the force-closure space is limited by
curves, and the independent regions are obtained by maximizing the shortest edge of an
inscribed rectangle. The criterion was also adapted to the case of 2D non-polygonal objects
represented by a discrete boundary, i.e. by a finite number of sampled points [44]. In this
case, the quality is associated with the number of sampled points enclosed in the independent
contact regions. Figure 5 shows two examples of independent contact regions.
The grasp will allow the maximum error in the finger locations if each finger is nominally
positioned in the center of each independent contact region. Then, another quality measure,
proposed for polyhedral objects and called uncertainty grasp index or grasp margin [30, 34],
is given by the sum of the distances between each of the i-th actual contact points (xi, yi, zi)
and the center of the corresponding independent contact region (xi0, yi0, zi0), i.e.
Q =
1
n
n∑
i=1
(√
(xi − xi0)
2
+ (yi − yi0)
2
+ (zi − zi0)
2
)
(20)
This index reaches the optimal value (zero) when all the fingers are located in the center of
each independent contact region.
3.3 Measures considering limitations on the finger forces
The previous subgroups of quality measures include those related with the geometric lo-
cation of the contact points, but they do not consider any limit on the magnitude of the
forces applied by the fingers. Thus, even when the obtained force-closure grasps can resist
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external perturbation wrenches with any direction, nothing is said about the magnitude of
the perturbation that can be resisted. This means that in some cases the fingers may have
to apply extremely large forces to resist small perturbations. Then, the quality of a grasp
can also be measured considering the module of the perturbation wrench that the grasp can
resist when there are limits in the forces that the fingers can apply. This Subsection includes
the measures that consider this aspect.
3.3.1 Largest-minimum resisted wrench
The most common constraints on the finger forces f i are:
• The module of the force applied by each finger is limited, which corresponds to a limited
independent power source (or transmission) for each finger. In order to simplify the
formalism, it is assumed that all the fingers forces have the same limit and that it is
normalized to 1, i.e. ‖f i‖ ≤ 1, i = 1, ..., n.
Considering that the friction cone at contact point pi is approximated by a pyramid
with s edges (Subsection 2.2), the force f i applied by the finger can be expressed
as a positive linear combination of unitary forces f ij , j = 1, ..., s, along the pyra-
mid edges (usually called primitive forces), and the wrench ωi produced by f i at pi
(Subsection 2.1) can be expressed as a positive linear combination of the wrenches
ωi,j produced by f ij (usually called primitive wrenches). Now, n fingers produce a
resultant wrench on the object given by
ω =
n∑
i=1
ωi =
n∑
i=1
s∑
j=1
αi,jωi,j
with αi,j ≥ 0,
s∑
j=1
αi,j ≤ 1
(21)
Considering the possible variations of αi,j , the set P of possible resultant wrenches on
the object is the convex hull of the Minkowski sum of the primitive wrenches ωi,j :
P = ConvexHull
(
n⊕
i=1
{ωi,1, . . . ,ωi,s}
)
(22)
• The sum of the modules of the forces applied by the n fingers is limited, which corre-
sponds to a limited common power source for all the fingers. Assuming again a limit
normalized to 1, the constraint is
∑n
i=1 ‖f i‖ ≤ 1.
Modelling the friction cone as before, the resultant wrench on the object is given by
ω =
n∑
i=1
s∑
j=1
αi,jωi,j
with αi,j ≥ 0,
n∑
i=1
s∑
j=1
αi,j ≤ 1
(23)
and now the set P of all the possible resultant wrenches on the object is the convex
hull of the primitive wrenches:
P = ConvexHull
(
n⋃
i=1
{ωi,1, . . . ,ωi,s}
)
(24)
The set P of possible resultant wrenches produced by the fingers on the object is some-
times called as Grasp Wrench Space [45, 46].
There are other proposed constraints on the finger forces [11], like for instance
∑n
i=1 ‖f i‖
2
≤ 1;
however, the physical interpretations are not as evident as in the previous ones and they
have not been widely implemented.
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Fig. 6. Qualitative bidimensional example of the grasp quality using three fingers and: a) a
limit in the module of each force; b) a limit in the sum of the modules of the applied forces.
With the force constraints, it was proposed as quality measure the largest perturbation
wrench that the grasp can resist with independence of its direction; geometrically, the quality
is equivalent to the radius of the largest ball centered at the origin of the wrench space and
fully contained in P, or, in other words, it is also equivalent to the distance from the origin
of the wrench space to the closest face of P [47, 48]. The quality measure can be expressed
as
Q = min
ω∈∂P
‖ω‖ (25)
with ∂P being the boundary of P. This quality measure is sometimes referred as the criterion
of the largest ball. This is one of the most popular quality measures, and is used in several
works [49, 50, 51].
An optimal grasp under a force constraint is not necessarily optimal under another one;
Figure 6 qualitatively illustrates with a bidimensional example the constraints on the finger
forces described in equations (21) and (23), the sets of possible wrenches, and the resulting
qualities in each case.
3.3.2 Variations around the criterion of the largest ball
The quality measure given by equation (25) is interpreted using metric L2; some works
[11] propose the use of other metrics, such as L1 or L∞, but implementations or detailed
discussions about their use were not reported in the bibliography.
The radius of the largest ball inscribed in P depends on the choice of the origin of the
reference system used to compute torques, i.e. the CM of the object (which sometimes can
not be precisely located), and an optimum grasp with respect to a reference system could not
be optimal with respect to another one. Different alternatives have been proposed to avoid
this effect, like the use as quality measure of the radius of the largest ball with respect to
all the possible choices of reference systems [52], however, this measure has not been widely
considered due to its high computational cost. Another alternative quality measure is the
volume of P [53], which is constant independently of the reference system used to compute
torques.
A different approach replaces the ball by a convex compact set C that includes the origin
[54, 55] and may represent expected perturbations, then the quality measure (called the Q-
distance by the authors) is the largest scale factor ρ that makes C be fully contained in P.
In order to facilitate the implementation of this measure, C is taken as a convex polyhedron
in the wrench space. The quality measure is given by
Q = max
ρC⊂P, ρ≥0
ρ (26)
With the aim of avoiding the definition of a metric to join forces and torques in the
wrench space (the factor λ introduced in Subsection 2.1), the following optimality criterion
for grasp synthesis was proposed [33]: first, the grasps that better resists pure forces are
computed and then, from them, the grasps with the best resistance to pure torques are
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chosen. The quality measures used in each step are
Qf = min
f∈∂Pf
‖f‖ (27)
Qτ = min
τ∈∂Pτ
‖τ‖ (28)
with ∂Pf and ∂Pτ the boundaries of the sets of possible resultant forces and resultant
torques, respectively, that the fingers can generate on the object.
3.3.3 Normal directions at the contact points
The sum of the components of the applied forces normal to the object boundary is indicative
of the internal forces that the object withstands when an external disturbance is applied.
Then, a quality measure is defined as the sum of the modules of the normal components of the
applied forces required to achieve an expected demanding wrench ω0 (the own object weight
is the main considered disturbance); this measure is called Max-Normal-Grasping-Force [56]
or grasp effort[57] and must be minimized to get an optimum grasp. As a difference with
the criterion of the largest ball, this quality measure fixes beforehand the external wrench
to be resisted and considers then the required forces.
Q = min
Gf=ω0,M>0
n∑
i=1
fni (29)
with fni being the normal component of the force f i, and M > 0 representing that M
is positive definite and therefore implying the satisfaction of the positivity and friction
constraints (Subsection 2.2).
Another approach takes into account that if the finger forces applied at each contact
point in absence of perturbations are close to the directions normal to the object boundary,
the applied forces can vary in a larger range of directions to deal with external perturbations,
while if the finger forces are close to the limit of the friction cone the fingers could easily
slip when trying to keep the force-closure grasp. This effect is considered in another grasp
quality measure called Min-Analytic Center [56] given by
Q = min
Gf=ω0,M>0
log detM−1 (30)
The measure tends to infinity when any contact force approaches the boundary of its friction
cone [58], thus, the smaller Q the better the grasp.
3.3.4 Task oriented measures
When there is a detailed description of the task to be performed, the grasp quality measure
can quantify the ability of the grasp to counteract the expected disturbances during the
task execution. The task can be characterized by a set of wrenches that must be applied on
the object to achieve a given objective and a set of expected disturbance wrenches that the
object must withstand while being manipulated. All these wrenches form a task polytope
(called Task Wrench Space by some authors [59, 45]), that is commonly approximated with
an ellipsoid E [31]. The quality measure is the scale factor ρ required to obtain the largest
ellipsoid centered at the origin and fully contained in P (so the largest the ρ the better the
grasp),
Q = max
ρE⊂P, ρ≥0
ρ (31)
Figure 7 shows a comparison of this measure with the radius of the largest ball inscribed
in P. While the ball assumes that the probability for every disturbance direction is equal,
the ellipsoid takes into account the most demanding wrench directions to complete the task.
Several implementations of this quality measure have been presented [59, 60].
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Fig. 7. Examples for the same applied forces: a) Largest ball contained in P; b) Task
oriented quality measure.
4 Quality measures associated with the hand configu-
ration
This second group of quality measures includes those that consider the hand configuration
to estimate the grasp quality. The basic ideas behind some of these measures have been
presented in Subsection 3.1, where the quality measures depended on the properties of
matrix G, while here the measures require the hand-object Jacobian H to quantify the
quality.
4.1 Distance to singular configurations
In order to keep redundant arms away from singular configurations, it is desirable to max-
imize the smallest singular value σmin of the manipulator Jacobian [61]. The same idea is
applied to grasps with mechanical hands using the hand-object Jacobian H [12], which in a
singular grasp configuration has at least one of the singular values equal zero. Therefore, by
using σmin(H) as a quality measure, maximizing the quality is equivalent to choose a grasp
configuration far away from a singular one. Then,
Q = σmin(H) (32)
4.2 Volume of the manipulability ellipsoid
The measure σmin(H) considers only one singular value of H, which may be similar for
two different grasp configurations. In order to consider all the singular values of H, the
volume of the manipulability ellipsoid (Subsection 2.4) is proposed as quality measure [62].
Let σ1, σ2, ..., σr be the singular values of H. The grasp quality (i.e. the volume of the
manipulability ellipsoid) is
Q = k
√
det(HHT ) = k (σ1σ2...σr) (33)
where k is a constant. The quality is therefore proportional to the product of all the singular
values, and maximizing the determinant of HHT maximizes the volume of the ellipsoid.
Physically, this means that the same velocities in the finger joints in two different grasp
configurations produce a largest velocity of the grasped object in the configuration with the
largest quality [12].
4.3 Uniformity of transformation
The transformation between the velocity domain in the finger joints and the velocity domain
of the object is uniform when the contribution of each joint velocity is the same in all the
components of the object velocity; in this case the hand can move the object in any direction
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with the same gain, which is a good manipulation ability. The condition number nc of the
finger Jacobian is a measure of such ability [63],
nc(Ji) =
∥∥Ji∥∥∥∥J−1i ∥∥ (34)
with ‖·‖ representing a matrix norm. This concept was used to measure the quality of a
grasp considering the condition number of H as a measure of the manipulability of the
grasped object [12]. The condition number of H can be computed from its maximum and
minimum singular values (σmax and σmin) as,
Q = nc(H) =
σmax(H)
σmin(H)
(35)
When nc(H) = 1 the columns of H are vectors orthogonal to each other and with the same
module, indicating an uniform transformation. The quality of a grasp will be better when
the grasp configuration gives nc as close as possible to 1.
4.4 Positions of the finger joints
An useful criterion to choose configurations in redundant robot arms is to look for config-
urations whose joints are as far as possible from their physical limits, i.e. with the joint
positions as close as possible to the center of their ranges [64], and the same idea is applied
to mechanical hands [12]. The index used to quantify the joint angle deviations is
Q =
nm∑
i=1
(θi − θ0i)
2
(36)
where θi and θ0i are, respectively, the actual and the middle-range position of the i-th joint
(obviously, the index is simplified when θ0i = 0). The minimization of Q implies a grasp
configuration with the joint positions close to the middle-range reference position.
The measure (36) could be redefined to appropriately weight the different range of each
joint as
Q =
nm∑
i=1
(
θi − θ0i
θmaxi − θmini
)2
(37)
4.5 Task compatibility index
This index considers the requirements of the task in the measure of the grasp quality [27, 65];
if there are directions of wrenches more likely to be applied on the object, the grasp should
try to assure the maximum transformation ratio along these directions. Consider an unitary
vector ωˆi in the wrench space with the direction of a force requirement, and the distance αi
from the origin to the surface of the force ellipsoid in the direction ωˆi. Thus, αiωˆi represents
a point on the force ellipsoid, satisfying the following relation:
(αiωˆi)
T (
HHT
)
(αiωˆi) = 1 (38)
with
αi =
[
ωˆTi
(
HHT
)
ωˆi
]−1/2
(39)
In a similar way, consider an unitary vector ˆ˙xj with the direction of a velocity require-
ment, and the distance βj from the origin to the surface of the velocity ellipsoid in the
direction ˆ˙xj , so βj ˆ˙xj satisfies the following relation:
(
βj ˆ˙xj
)T (
HHT
)−1 (
βj ˆ˙xj
)
= 1 (40)
with
βj =
[
ˆ˙x
T
j
(
HHT
)−1 ˆ˙xj]−1/2 (41)
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With these elements, the task compatibility index is defined as
Q =
s∑
i=1
γiα
±2
i +
z∑
j=s+1
γjβ
±2
j
=
s∑
i=1
γi
[
ωˆTi
(
HHT
)
ωˆi
]±1
+
z∑
j=s+1
γj
[
ˆ˙x
T
j
(
HHT
)−1 ˆ˙xj]±1 (42)
with s being the number of directions with specified force requirements, z − s the number
of directions with specified velocity requirements, the exponent +1 is used in the directions
where the force or velocity magnitude should be high, while the exponent −1 is used in
the directions where there are requirements of precise velocity or force control, and γi , γj
are factors to weight the relative importance of each magnitude and precision requirement
in the respective directions. The configuration that maximizes this index allows to better
apply forces and velocities in the directions of each of the desired grasp requirement.
5 Global quality measures
The criteria presented above measure the grasp quality under different considerations, based
either on the location of contact points on the object or on the hand configuration. However,
the optimal grasp for some particular tasks could be a combination of these considerations;
as an extreme illustrative case, the selection of optimal contact points on the object surface
according to any criteria from Section 3 ignoring the actual geometry of the hand can
lead to contact locations unreachable for the real hand, and vice versa, an optimal hand
configuration can generate a weak grasp in front of small perturbations. In order to deal
with these situations, a global quality measure obtained through the combination of several
criteria can be used, either combining in a serial or in a parallel way.
The serial approach is applied in grasp synthesis, using one of the quality criteria to
generate candidate grasps and, from them, the best candidate is chosen using another quality
measure. For instance, the optimization with respect to the hand configuration using the
weighted sum in the task compatibility index given by equation (42) generates a preliminary
grasp that, subsequently, is used as initial one for the search of an optimum grasp under the
measure of the largest ball given by equation (25) [66].
The parallel approach combines different quality measures in a single global index. A
simple method uses the algebraic sum of the quality resulting from each individual criterion,
considering that all of them have to be either maximized or minimized. This approach
has been used to choose optimum grasps of 2D objects [67]. A variation of this approach
normalizes the outcome of each criterion dividing it by the difference between the measures
of the best and the worst grasp. This approach has been used to evaluate grasps of 2D
objects done with a three-finger hand [34], and different global measures are obtained by
adding different basic criteria [35]. This can be interpreted as the generation of indexes
specifically adapted for different practical applications. Another variation of these global
indexes could be obtained by doing a weighted sum of different quality measures.
Kim et al. [68] use five normalized quality measures, covering the uncertainty in finger
positions, the maximum force transmission ratio and the grasp isotropy, as well as a measure
of the stability and another one related with the contact stiffness. Subsequently, a global
quality index is defined as the minimum value out of the five normalized ones, weighted in
agreement with the desired grasp properties.
Another possibility for combining in a parallel way different criteria is to rank grasps
according to each of the measures, and later combine the rankings into a single one (taking
into account the place for a grasp in each one of the rankings), to obtain the global optimal
grasp; however, this approach has a high computational cost and has not given satisfactory
outcomes [34].
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6 Conclusions
This report has presented different grasp quality measures applicable to synthesis and eval-
uation of grasps. Table 2 summarizes the basic quality measures presented in this work.
The quality measures have been classified in two large groups: measures associated with the
location of contact points and measures associated with the hand configuration. Most of
the quality measures presented in the literature are associated with the location of contact
points, so we have divided this group into three subgroups. The first one contains measures
based on algebraic properties of G; they have limited practical application because they
do not consider any restriction on the forces applied in the contact points. The second
subgroup considers the measures based on geometric relations of grasp, which are mostly
used in the synthesis of independent contact regions. The third subgroup contains measures
that consider limitation on finger forces, and includes one of the most used criteria in recent
works on grasp synthesis (the criterion of the largest ball and its variations). The second
group of quality measures includes criteria to get appropriate hand configurations for the
grasp. A proper grasp should be optimal with respect to both groups of quality measures,
and different global quality indexes have been proposed to simultaneously quantify the grasp
with respect to both groups.
Although there are some studies comparing the optimal grasps obtained according to
different criteria for different objects in bidimensional [59, 69, 70] and tridimensional grasps
[53], the selection of the proper criterion in each real case is not always trivial. Also, even
knowing the criterion to be applied, the complexity of real cases makes the computational
cost of any grasp optimization to be really high most of the times. Finding the optimal grasp
for real applications, in terms of the grasp quality and with an acceptable computational
cost, is still an open research problem.
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